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Abstract 

It is shown that the first order (Palatini) variational principle for 
a generic nonlinear metric-afhne Lagrangian depending on the (sym- 
metrized) Ricci square invariant leads to an almost-product Einstein 
structure or to an almost-complex anti-Hermitian Einstein structure 
on a manifold. It is proved that a real anti-Hermitian metric on a 
complex manifold satisfies the Kahler condition on the same manifold 
treated as a real manifold if and only if the metric is the real part of a 
holomorphic metric. A characterisation of anti-Kahler Einstein mani- 
folds and almost-product Einstein manifolds is obtained. Examples of 
such manifolds are considered. 
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1 Introduction 



Almost-complex and almost-product structures are among the most 
important geometrical structures which can be considered on a manifold 
[ll5| , 58, The aim of this paper is to show that structures of this kind 
appear in a natural way from a variational principle based on a general 
class of Lagrangians depending on the Ricci square invariant constructed 
out of a metric and a symmetric connection; in particular we will show that 
an anti-Hermitian metric and its special case, so called " anti-Kahlerian" 
metric, appear naturally from our variational principle. Manifolds with such 
metrics are much less studied than the familiar Hermitian and Kahlerian 
cases. We hope that our variational principle and "the universality of the 
Einstein equations" (see below) will provide an additional motivation for 
investigating these manifolds. 

Let M be a differentiable manifold of dimension n and L{M) be its frame 
bundle, a principal fibre bundle over M with group GL{n; M). Let G be a Lie 
subgroup of GL{n; M). A differentiable subbundle Q of L{M) with structure 



group G is called a G-structure on M [15, 3q]. The classification and Integra 



bility of G-structures have been studied in differential geometry; algebraic- 
topological conditions on M which are necessary for the existence of a G- 
structure on M can be given in terms of characteristic classes (see, for exam- 
ple, [54|). We also recall that there is a natural one-to-one correspondence 
between pseudo-Riemannian metrics of signature q on M and 0{p,q;]R)- 
structures on M, with p + q = n. An 0(p, g; iR)-structure is integrable if 
and only if the corresponding pseudo-Riemannian metric has vanishing Rie- 
mann curvature. If G = GL{p; M) x GL(q; M) then the G-structure is called 
an almost-product structure ||58| , ^ ; if G = 0{r,s;lR) x 0{k,l;lR) then 
the G-structure is called a (pseudo-)Riemannian almost-product structure 

|55| , If n is even, n = 2m, and one considers GL{m]W) as a subgroup 
of GL{2m; M) then a GL (m;(r)-structure is called an almost- complex struc- 
ture H^, ^]; if, moreover, one considers 0{m;(T) as a subgroup of GL{m;(E) 
then an 0(m;(r)-structure defines an almost- complex anti-Hermitian struc- 
ture |3|,||,|1|,|6|,§. 

We will here use an equivalent description of these G-structures. Let 
M be a manifold and P be an endomorphism of the tangent bundle TM 
satisfying = /, where / = identity. Then P defines an almost-product 
structure on M. If 5^ is a metric on M such that g{PX, PY) = g{X, Y) 
for arbitrary vectorfields X and Y on M, then the triple {M,g,P) defines 
a (pseudo-) Riemannian almost-product structure. Geometric properties 
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of (pseudo-) Riemannian almost-product structures have been studied in 



[p8| i |5q , pQ , |4^ , P^ , p~3| , |49| , |53| , |47[| . If, moreover, g is an Einstein metric (i.e. 
Ric{g) = 75 holds, where Ric{g) is the Ricci tensor and 7 is a constant) then 
the triple (M, g', P) shall be called an almost-product Einstein manifold. 

Analogously, if J is an endomorphism of the tangent bundle TM sat- 
isfying = — /, then J defines an almost-complex structure on M. An 
almost-complex structure is integrable if and only if it comes from a complex 
structure (see ^^)- If 5 is a metric on M such that g{ JX, JY) = —g{X, Y) 
for arbitrary vectorfields X and Y on M then the triple (M, g, J) defines an 
almost-complex anti-Hermitian structure. The metric g in this case is called 
a Norden metric and in complex coordinates it has the form 

ds"^ = gabdz"-dz^ + g^idz^dz^ 

where g^i = gab- This canonical form differs from the well known form of 
an Hermitian metric ds"^ = 2g^-^dz"'dz^ . We will show (theorem 4.2) that 
the condition V J = 0, where V is the Levi-Civita connection, is equivalent 
in this case to analyticity of the metric: 9c5a6 = . Such anti-Hermitian 
metrics shall be called anti-Kahlerian metrics since for an Hermitian metric 
the condition V J = defines a Kahlerian metric. 

If g is an Einstein metric, i.e. Ric{g) = 'jg holds, then the almost- 
complex anti-Hermitian manifold (M, g, J) is called an anti-Hermitian Ein- 
stein manifold. We will consider an important particular class of such man- 
ifolds, namely those characterized by anti-Kahlerian Einstein metrics. Let 
us stress that we treat the whole complex manifold as a real manifold and 
in this way we get a real Einstein metric with signature (m,m). Another 
approach to complex Einstein equations, dealing with a real section of a com- 
plex manifold and aiming to get the Lorentz signature, has been considered 



in |4^, ^, g9|, |3J, g8|, |2J]. 

These G-structures can be conveniently defined as a triple {M,g,K), 
where g is a metric on M and K is a (1,1) tensor field on M such that 

= el and g{KX, KY) = eg{X, Y) for arbitrary vectorfields X and Y on 
M (e 7^ is a real constant). We shall also call them K-structures. If e = 1 
then K defines an almost-product structure on M; if e = —1 then K defines 
an almost-complex structure on M. The more general case e > can be 
reduced to e = 1 by a suitable rescaling, while the case e < is reduced to 
e = — 1. In any coordinate system one has K^K^ = eJ^ and K^gK = eg, 
where is the transpose matrix, 11, v, a = 1,2, ...,n = dim (M) and (5^ is 
the Kronecker symbol. 
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One can then define a new metric h by the relation h(X, Y) = g{KX, Y), 
or equivalently h = gK, i.e. in local coordinates h^u = g^aK^; then the 
following holds 

{g-'hf = el. (1.1) 

The relation (1.1) for e = +1 or —1 is equivalent to {h~^g)'^ = el and 
there is a one-to-one correspondence between the G-structure (M, g, K) and 
the G-structure {M, h, K~^). Thence the G-structure given by the triple 
(M, g, K) can be equivalently described by the triple (M, h), where g and 
h are metrics on M satisfying (1.1). We call such metrics twin metrics or 
dual metrics. 

In this paper, starting from a manifold M endowed with a metric h = 
{h^u) and a symmetric linear connection T = (F^^,), we obtain a i^-structure 
as 

= h^'S^, 

where S^y = R(^^y^{T) is the symmetric part of the Ricci tensor of the 
given connection T. The general idea is the following. Let us first set 
9fj.u = R{p.v){^)', according to the results of our earlier paper Q one can 
show that g is in fact a new metric and that h and g are "twin metrics" if 
one assumes a suitable variational principle based on the action 

A{T,h) = [ f{S)Vhdx (1.2) 

and imposes independent variations over the metric and the connection. 
Here f{S) is a given function of one real variable, which we assume to be 
analytic, while the scalar S = S{T, h) is the Ricci square invariant 

S = h'^^h'^^Sa^S^, 

If / is a generic analytic function and n > 2 one gets either a (pseudo-) 
Riemannian almost-product structure or an almost-complex structure. In 
fact, as we shall see below (Theorem 2.4), the Euler-Lagrange equations for 
(1.2) are generically equivalent to the following system of equations for two 
metrics h^i, and g^^: 

{h-^gf = -I (1.3) 
n 

Ric{g) = g (1.4) 
where the real number c is a root of the equation 

/'(5)5--/(5) = (1.5) 
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As an example, if one takes f{S) = (n5 + c(8 — n))^, then S = cis a solution 
of (1.5) if n 7^ 8 and another (degenerate) solution is 5 = c(n— 8)/n. Turning 
to the general discussion, if c > then, as it was explained above, solutions 
of (1.3) - (1.4) are in one-to-one correspondence with almost-product Ein- 
stein manifolds {M,g,P); while for c < one gets anti-Hermitian Einstein 
manifolds (M, g, J). 

Before proceeding further let us explain why the action (1.2) is interest- 
ing and important in Mathematical Physics and especially in the theory of 
gravity. 

As is well known gravitational Lagrangians which are nonlinear in the 
scalar curvature of a metric give rise to equations with higher (more than 
second) derivatives or to the appearance of additional matter fields |52, pO| ]. 
This strongly depends on having taken a metric as the only basic variable and 
the equations ensuing from such Lagrangians show an explicit dependence 
on the Lagrangian itself. An important example of a non-linear Lagrangian 
leading to equations with higher derivatives is given by Calabi's variational 
principle [0], which shall be discussed in a forthcoming paper. 

It was shown in that, in contrast, working in the first order (Palatini) 
formalism, i.e. assuming independent variations with respect to a metric and 
a symmetric connection, then, for a large class of Lagrangians of the form 
f{R), where R is the scalar curvature, the equations obtained are almost 
independent on the Lagrangian, the only such dependence being in fact 
encoded into constants (cosmological and Newton's ones). In this sense the 
equations obtained are "universal" and turn out to be Einstein equations in 
generic cases. Considering nonlinear gravitational Lagrangians which still 
generate Einstein equations is particularly important since they provide a 
simple but general approach to governing topology in dimension two [^] 
and in view of applications to string theory [^] . 

In a previous paper of ours Q this discussion was extended to the case of 
Lagrangians with an arbitrary dependence on the square of the symmetrized 
Ricci tensor of a metric and a (torsionless) connection, finding roughly that 
the universality of Einstein equations also extends to this class of spacetimes. 
In this case, however, new important properties appear: as we have already 
mentioned above, depending in fact on the form of the Lagrangian and on 
the signature of the metric, one gets an almost-product Einsteinian structure 
or an almost-complex Einsteinian structure. Topological and geometrical 
obstructions for the global existence of a solution of the variational problem 
for this class of Lagrangians will be here considered in sections 4 and 5. 

Recently there has been some interest on the problem of signature change 
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in General Relativity |2C, 33, 17]; the non-standard signature (10 + 2) has 
been considered also in superstring theory (F-theory and extra time- 
like dimensions in Kaluza-Klein theory are considered in pO] , ^, |l|. Our 
results seem therefore to show new aspects of this problem which can be 
relevant also for quantum gravity. For a mathematical consideration of 
metrics with arbitrary signature which can be relevant to mathematical 
physics see for example [|^, |^ 

This paper is organized as follows. In the next section it will be shortly 
recalled how to get eqs. (1.3) and (1.4) from the action (1.2). In section 3 
it is shown that eq. (1.3) can be always solved locally for any given metric 
g, in particular satisfying (1.4). In section 4 we discuss the iC-structures. 
In section 5 we discuss the problems of the global existence as well as the 
classification of almost-product Einstein manifolds. In section 6 we prove 
that a real anti-Hermitian metric on a complex manifold satisfies the Kahler 
condition on the same manifold treated as a real manifold if and only if 
the metric is the real part of a holomorphic metric on this manifold. Fi- 
nally, we consider also examples of almost-product Einstein manifolds and 
anti-Kahlerian Einstein manifolds. Theorems of section 3 are proved in the 
Appendix. 



2 Field Equations 

In this section we shall present in a more geometrical form the results of 
our earlier paper which form the basis of the further results presented 
hereafter. Consider, in the first order (Palatini) formalism, the family of 
actions 

A{r,h) = f f{S)y/hdx (2.1) 

where: M is a n-dimensional manifold {n > 2) endowed with a metric h^i, 
and a torsionless (i.e., symmetric) connection F^^; the Lagrangian density 
is L = f{S)Vh, where f{S) is a given function of one real variable, which 
we assume to be analytic and ^/h is a shorthand for | det(/i^j^)|2 ; the scalar 
5 is the symmetric part of Ricci square-invariant, considered as a first order 
scalar concomitant of a metric and (torsionless) connection, i. e. 

S = S{h, F) = hf^^h^^S^^S^, (2.2) 

being S^^ = i?(^,^)(F) the symmetric part of Ricci tensor, defined according 
to 

pA /-p\ Q -pA ft -pA I -pA pa pA pa 
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R^a{T) = R'j^uA'^) (a> ■■■ = 1> --^ri) 

Following 1^] the Euler-Lagrange equations of the action (2.1) with re- 
spect to independent variations of h and T are 

f'{S)h'"'S^aSuf3 - \fiS)h^u = (2.3) 

Vx{f'{S)Vhh^-h''^S^f,) = (2.4) 

where is the covariant derivative with respect to T. Transvecting (2.4) 
with h^^'^ tells us that the scalar S has to obey the following real analytic 
equation 

fiS)S-^f{S) = (2.5) 

which allows to describe the general features of the non-linear system (2.3)- 
(2.4) and tells us, in turn, that S is generically forced to be a constant. More 
precisely, it was shown in |^ that whenever (2.5) admits an (isolated) simple 
root S = c then the system is "essentially equivalent" to Einstein equations 
for a new metric g with a cosmological constant, in the precise sense which 
is hereafter described in greater detail. Consider in fact any solution 

S = c (2.6) 

of eq. (2.5) and assume that /'(c) / 0. Then eq. (2.4) reduces to 

Vx{Vhh''''h''^S^f^) = (2.7) 

while equation (2.3) reduces to 

h'^^ Sfj_aSui3 = (2.8) 

where a new constant e depending on c arises according to the rule 

e = /(c)/4/'(c) = c/n (2.9) 

From (2.8) the regularity condition 

[det(5^,)]2 = e"[det(V)]' (2-10) 

follows, which entails in particular that det{Sf^i,) ^ provided e 7^ 0. Under 
this last hypothesis let S^"^ be the inverse matrix of S^i, , so that from (2.8) 
we have: 

hf^^h^^Sap = eSf"" (2.11) 
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By using (2.10) and (2.11) wc finally rewrite (2.7) as follows 



Vx[y/\detiS^f,ir))\S^^T)] = (2.12) 

which win be considered as a new equation in F. 

Let us recall now the following well-known result, essentially due to Levi- 
Civita: for n > 2, any metric g and any symmetric connection T the general 
solution of the equation 

"^aiVaan = (2.13) 

considered as an equation for T is the Levi-Civita connection T = Ti,c{9) 
i.e. locally 

^%{9) = Ig'^'idt^gua + d,g^^ - dag^,) (2.14) 

Therefore, the Ricci tensor Ri^^{T) of F is automatically symmetric and in 
fact identical to the Ricci tensor R^v{g) of the metric g itself. 

We can then prove the following: 

Proposition 2.1. Let us assume that det{Sa^) ^ 0. Then a connection 
F satisfies eq. (2.12) if and only if there exists a metric g^j^i, such that 

RA9)=9i^i^ (2-15) 

and F = F^c'(^) is the Levi-Civita connection of g. 

Proof. Let F be a connection satisfying eq. (2.12) and let us set 

= V(r) (2.16) 

The tensorficld g \s a metric due to the condition det{Sai3) 7^ 0. Then it 
follows that F has to be the Levi-Civita connection of the metric g\ moreover 
one has 

S^,{T)=R^^,^{T)=R^,{g) (2.17) 

so that (2.15) follows from (2.16) and (2.17). 

Conversely, let us give a metric g^y satisfying (2.15) and let us take 
F = Ticig)- One has again relations (2.17). From (2.17) and (2.15) it 
follows then that (2.16) holds. Therefore g^''' = S^'''{T) and det(5'^^(F)) = 
^^^{9^lv) 7^ 0. Hence we see that eq. (2.14) reduces to (2.15), which is satis- 
fied since F = VLc{g)- Our claim is then proved. (Q.E.D.) 
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According to the previous discussion, we see that the Euler-Lagrange 
equations (2.3) and (2.4) are thence equivalent to the following equations 
for two metrics h and g: 

hf'^g^.c.gup = eV (2-18) 

R^u{g) = 9t.u (2.19) 

which arc in fact nothing but cqs. (1.3) and (1.4) of the Introduction. The 
relation between the system (2.18)-(2.19) and the Euler-Lagrange equations 
in the form (2.3)-(2.4) or (2.11)-(2.12) is given by setting ^r^^ = i?(^^)(r). 

We will now use the description of (pseudo-) Riemannian almost-product 
structures and almost-complex structures with a Norden metric in terms of 
a pair of metrics (twin or dual metrics). Let us consider a triple (M, h, K) 
where M is a differentiable manifold, /i is a metric on M and if is a (1,1) 
tensorfield on M such that the following holds 

K^ = el, K%K = eh 

As we said in the Introduction such a triple defines a (pseudo-) Riemannian 
almost-product structure if e = 1, while it defines an almost-complex struc- 
ture with a Norden metric /i if e = — 1 . The triple (M, h, K) admits an 
equivalent description as another triple (M, h,g), where g is a metric on M 
satisfying the relation (h~^g)'^ = el or the equivalent relation {g~^lif' = el, 
because of the following elementary proposition. 

Proposition 2.2. Let K and h he real n x n matrices and e = +1 or 
— 1. Then the matrices K and h satisfy the relations 

h* = h, deth^O, K^ = el, K^hK = eh (2.20) 

if and only if there exists a real matrix g such that g and h satisfy the 
relations 

= h, det h^O, g* = g, {h~^gf = el (2.21) 

Moreover one has 

g = hK (2.22) 

and 

{K-'f = eI, K-^'gK-^ = eg (2.23) 

Proof If one has (2.20) then define g by (2.22) and check (2.21) and 
(2.23). Conversely, if one has (2.21) then define K = h'^g and check (2.20). 
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The claim is proved. 



(Q.E.D.) 



We can therefore state the following theorem. 

Theorem 2.3. Let M be a n- dimensional manifold, n> 2, with a met- 
ric h and a symmetric connection T and let us consider the Euler- Lagrange 
equations (2.3)-(2.4) for the action (2.1). Let us assume that the analytic 
function f{S) is such that eq. (2.5) has an isolated root S = c with f'{c) ^ 0; 
setting then g^^ = i?(^,^)(r), the Euler- Lagrange equations imply the rela- 
tions {h~^g)^ = eL, Ric{g) = g. Therefore: 

(i) if e > after rescaling and denoting P = g~^h one gets an almost- 
product Einstein manifold {M,g,P), i.e. 

Ric{g) = jg 

P^ = I, g{PX,PY) = g{X,Y), X,Y e x{M) ; 

(ii) if € < after rescaling and denoting .J = g~^h one gets instead an 
anti-Hermitian Einstein manifold {M,g,J), i.e. 

Ric{g) = 75 

J^ = -I, g{JX,JY) = -g{X,Y), X,Yex{M) 
Here the Lie algebra of vector fields on M. 

Notice that the signatures of the metrics h and g in the almost-product 
case can be in principle arbitrary, while in the almost-complex case the 
signature is (m, m). In any case they will be lower-semicontinuous functions, 
so that without any restriction we can assume that they remain constant in 
the neighborhood of a generic point; in particular they will not change in 
connected components of the manifold. In the next section wc will therefore 
study the equation {h~^g)'^ = eL for a generic point on the manifold, i.e. 
study it algebraically as a matrix equation. 

Remark. Notice that e = corresponds to the case 5 = 0, which holds iff 
/(O) = 0. Then we have to distinguish two subcases /'(O) = and /'(O) 7^ 0. 
In the first subcase both equations (2.3) and (2.4) are automatically satisfied 
and no condition for g and T arise. Therefore any pair (g, F) solves this 
subcase. When /'(O) 7^ then (2.3) is instead equivalent to the algebraic 
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equation [h~^S{T)]'^ = 0, which leads to an almost-tangent structure |1S], 
while (2.4) remains unchanged. We shall not discuss this case in the present 
paper. 



3 Solutions of the Matrix Equations 

Let us then consider the matrix equation 

{h-'gf = ein (3.1) 

where h and g are symmetric non-degenerate real n x n matrices, In is the 
identity matrix in n dimensions and e is a non-vanishing real number. 

In order to solve equation (3.1) we first notice that it is manifestly 
Gl(n, iR)-invariant under the canonical right-action {h,g) i— > {A^hA, A^'gA) 
where A^ denotes the matrix transpose to A. More exactly, transforming h 
and g as metrics one can observe that P = h~^g transforms by a similarity 
transformation P — > A~^PA (i.e. as a (1,1) tensor). Equation (3.1) is also 
invariant under the transformation [h, g, e) i— > {g, h, e~^). Moreover, we have 
{det{g)/ det{h))'^ = e", so that when n is even there are no restrictions on 
the sign of e, while e has to be positive when n is odd. 

It is always possible to rescale g by ^y\ e \ and reduce (3.1) to the canon- 
ical form {h~^g)^ = ±I„. 

When e is positive equation (3.1) admits always the trivial solution g = 
y/eh; however, this does not exhaust all the possible solutions. Let us first 
observe in fact, by standard minimal-polynomial arguments (see e.g. [|35|] ), 
that the matrix equation 

P^ = In (3.2) 

admits only solutions of the form P = M^^Di^M for some non-singular 
matrix M, where the matrices Dk (Jordan forms) are diagonal 




and k = 0, . . . ,n. This result can be restated as follows: if an automor- 
phism P of the vector space M"' satisfies (3.2) then there exists a basis in 
which P is represented by one of the matrices D^^ . The non- negative integer 
k is an invariant of this authomorphism. In fact such an automorphism P 
(P^ = id) represents an almost-product structure on iR". The set of all 
solutions of the equation (h^^g)'^ = In is then described by the following 
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theorem (compare 



|3|] Th. 4.5.15 case II b): 



Theorem 3.1. Let g = and h = he two real (symmetric) non- 
degenerate matrices (metrics). Then the following are equivalent: 

a) {h-^gf = I, 

b) the two metrics h and g are simultaneously diagonalizahle with ±1 on 

the diagonal, i.e. there exists a real non- degenerate matrix R such that 

h = R^DhR, g = R^DgR 
and Dfi and Dg are diagonal matrices with +1 or —1 on the diagonal. 
The proof of this theorem is given in the Appendix. 



Let us proceed to discuss the case {h ^g)"^ = — !«. It is known that if J 
is any n x n real matrix satisfying the relation 

J2 = -I„ (3.4) 

then n must be even, n = 2m, J can be represented as 

J = MJoM'^ 

where Jq is the canonical form 

and M is a nondegenerate real matrix. In fact one deals with a complex 
structure and the matrix Jq gives the canonical complex structure on IR?^. 
The following holds true: 



Theorem 3.2. Let h = and g = be two 2m x 2m real (symmetric) 
non- degenerate matrices (metrics). Then the following are equivalent: 

a) {h-^gf = -hm 

b) there exists a real non- degenerate matrix R such that 
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i.e. in the appropriate coordinate system the two metrics g and h take 
the following canonical forms 

Also this proof is given in the Appendix. 

From theorems 3.1 and 3.2 it follows that locally for any given metric g 
one can construct a twin metric h. If g satisfies Ric{g) = g this means that 
locally one produces an almost-product or an almost-complex Einsteinian 
structure. 

4 X- Structures and Kahler-like Manifolds 

We first present here a formalism which at once describes proper- 
ties of various structures important in differential geometry, such as almost- 
complex and almost-product structures, Hermitian and anti-Hermitian met- 
rics, Kahler manifolds and locally decomposable manifolds, etc., and then, 
in the next Sections, consider in more detail the pseudo-Kahlerian and anti- 
Kaherian metrics. 

Let M be a smooth manifold, TM its tangent bundle and x{^) the 
algebra of vectorfields on M. A {K,e)- structure {K-structure in short) on 
M is a field of endomorphisms K on TM such that = el, where e = ±1. 
Thus e = 1 corresponds to an almost-product structure, while e = — 1 pro- 
vides an almost-complex structure. 

Let V : x{M) x x{M) x{M) be a connection, denoted by {X, Y) 
'VxY- A ii'-structure is integrable iff there exists an a linear torsionless 
connection on M such that = 0; or equivalently the Nijenhuis tensor N 

N{X, Y) = [KX, KY] - K[KX, Y] - K[X, KY] + e[X, Y] 

vanishes. If K is integrable then there exists an atlas of adapted coordinate 
charts on M in which K takes a canonical form (see e.g. [p^]). 

Definition 1. A 5-tuple (M, K, g, e, a) is called a {K, g)-manifold if g is 
a metric on M and is a i^-structure, = el, such that 

g{KX,KY) = ag{X,Y) (4.1) 
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for all vectorfields X and Y on M. Here a = ±1. In this case we shall say 
that the metric g is K-compatible (or a K-metric in short). 

The definition above unifies the following four cases: the case e = l,o" = 1 
corresponds to a (pseudo-) Riemannian almost-product structure; the case 
e = 1,0" = —1 provides an almost para-Hermitian structure; the case 
e = —1,0" = 1 is known as an almost- (pseudo)-Hermitian structure; and 
finally the case e = —1,0" = —1 corresponds to an almost-complex structure 
with a Norden metric. 



Introduce a (0,2) tensorfield h, the twin of g, by 

h{X,Y)=g{KX,Y) (4.2) 

Then 

h{X,Y) = eah{Y, X) , h{KX, KY) = ah{X, Y) (4.3) 

Notice that for eo" = 1 the twin tensor is a metric (and this is, in fact, the 
case we have obtained from our variational principle), while for eo" = — 1 
the twin tensor is a two-form (and one deals with an almost-Hermitian or 
almost para-Hermitian structure). 

Let 'i/' be a (0, 3) tensorfield defined by the formulae 

^l:{X,Y,Z)=g{{VxK)Y,Z) ^ {Vxh){Y,Z) (4.4) 

In a coordinate language ipafiu is nothing but Vah^u- It possesses the fol- 
lowing properties 

V'(X, Y, Z) = -atp{X, KY, KZ) = ae^p{X, Z, Y) (4.5) 



Notice that the classification of almost-Hermitian structures ]31|], Rieman- 
nian almost-product structures p2|] as well as almost-complex structures 



with a Norden metric |25| is based on algebraic properties of ip: namely, one 
decomposes '0 into irreducible components under the action of the appro- 
priate group. The most restrictive class is Kahler-like, when simply -0 = 0. 
If the tensorfield tp vanishes then automatically = for a torsionless 
(Levi-Civita) connection and the Nijenhuis tensor N is forced to vanish, too 
( |]58| , ^ c.f. also formulae (6.7)). Therefore the corresponding i^-structure 
is integrable. It leads to the following definition: 
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Definition 2. A metric 5 on a {K, g()-manifold is called a Kdhler-like 
metric if VK = 0, i.e. 

Vx{KY) = KVxY, X,Y€x(M) (4.6) 

where V is the Levi-Civita connection of g itself. 

Ife = — 1,(T = 1 then a IT- metric is called a Kahler metric. If e = 1, cr = 1 
then a iC-metric shall be called a pseudo-Kdhlerian metric (it is also called a 
(pseudo-) Riemannian locally decomposable metric). The case e = l,a = —1 
shall be considered in a forthcoming publication Q (see also [H, ^). Our 
results on anti-Kahlerian manifolds (e = —1,0" = —1) will be presented in 
sections 6 and 7. The following Proposition extends the Proposition 3.6 in 
p7| to an arbitrary {K, g, e, cj)-structure 

Proposition 4.1. The Riemann curvature R{X,Y)Z and the Ricci ten- 
sor S{X,Y) of a Kdhler-like manifold (M,K,g) satisfy the following proper- 
ties: 

R{X, Y)oK = Ko R{X, Y) , R{KX, KY) = aR{X, Y) (4.7) 

S{KX, KY) = aS{X, Y), {a - e)S{X, Y) = tr[V ^ K{R{X, KY)V)] 

(4.8) 

Proof: The proof is a simple repetition of the proof of Proposition 3.6 in 
[p7| , provided one suitably takes into account formulae (4.3). (Q.E.D.) 

Consider now the twin F of the Ricci tensor S 

F{X,Y) = S{KX,Y) (4.9) 

Then 

F{X, Y) = e(jF{Y, X), F{KX, KY) = aF{X, Y) (4.10) 

Notice that the symmetry property of F is exactly the same as for h. There- 
fore, we conclude the following: 

Lemma 4.2. A Kdhler-like manifold is Einstein iff the dual of S is pro- 
portional to the dual of g, i.e. F{X,Y) ~ h{X,Y). 

Notice that for ecr = — 1 both twins F and h are two- forms. This Lemma 
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in the Kahlerian case leads to a necessary condition on the first Chern class 
for a manifold to have an Einstein-Kahler metric |11, 60 1. Recall the Gold- 
berg conjecture (see also ^) saying that almost-Kahler Einsteinian 
manifold is a complex one. It means that an Einstein almost-Hermitian man- 
ifold with a closed Kahler form is automatically Hermitian, i.e. its almost- 
complex structure is integrable. An extension of the Goldberg conjecture to 
the other Kahler-like manifolds will be disscuss elsewhere H. 



5 Almost Product Einstein Manifolds 

In this section we consider the problems of the global existence and 
classification of almost-product Einstein manifolds. At the begining we 
shall recall some basic facts about almost-product and (pseudo-) Riemannian 
almost-product structures. 

The simplest examples of almost-product structures are product mani- 
folds, i.e. manifolds which are the Cartesian product of two manifolds 

M = Ml X M2 (5.1) 

In this case the tangent bundle splits as TM = TMi © TM2 and P = 
P2 — Pi, where Pi are the corresponding projections on TMi, i = 1,2. More 
generally, giving an almost-product structure is equivalent to splitting the 
tangent bundle into two complementary subbundles (distributions or almost- 
foliations): TM = V (BH; in this case P = Py — Ph- P is integrable iff both 
the distributions are integrable. (i.e. they are foliations) . Integrable almost- 
product structures are also called locally product manifolds |^8| since locally 
they have the form (5.1). It means that locally (around any point), there 
exists an adapted coordinate system (x"" ,y"), a = 1, ...,k and a = 1, ...,n—k, 
such that the tensorfield P takes the canonical form (3.3), i.e. Pda = —da 
and Pda = da- 

Similarly, one can consider other structures: for example, a (pseudo-) 
Riemannian product manifold as a product of two (pseudo-) Riemannian 
manifolds 

{M,g) = {Mi,gi)x{M2,g2) (5.2) 

where g = gi®g2- More generally, an almost-product (pseudo-) Riemannian 
structure (M, P,g) is integrable iff V^P = for the Levi-Civita connection 
of g. In this case we speak of a locally decomposable (pseudo-)Riemannian 
manifold; in the present note we shall however propose to call it a pseudo- 
Kdhler manifold. For locally decomposable (pseudo-) Riemannian structures 
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both foliations are totally geodesic [ p8| , ^ . In an adapted coordinate system 
the metric g "separates the variables" (see [58, ^]) 



ds'^ = gab{x)dx''dx^ + ga/3iy)dy''dy^ (5.3) 

The twin metric has the form h = hi Q h2, i.e. 

dsl = gab{x)dx'' dx^ - gap{y)dy°'dy^ 

Since Vf^hap = V'/xa/S = then we have in this case T{g) = T{h). In fact, this 
property gives an equivalent definition of pseudo-Kahler manifolds, provided 
g and h are twin metrics. 

Recall that an almost-product Einstein manifold is a triple (M, g, P) 
where 5 is a metric and P is a (1, 1) tensorfield which satisfy 

Ric{g) = 75 (5.4) 

P^ = I, g{PX,PY) = g{X,Y), X,Y e x(.M) (5.5) 

Notice that P = I and P = —I give trivial examples of an almost-product 
structure. Non-trivial examples are given by the following: 



Proposition 5.1. Let (AI^,g) be an Einstein manifold satisfying (5.4) 
with an indefinite metric g of signature q, 1 < q < n . Then there exists on 
M" a non-trivial almost-product structure P satisfying (5.5) and therefore 
one gets an almost-product Einstein manifold {M,g,P). 

Proof: If g is a pseudo-Riemannian metric on M then it was proved in 
[13 1 that there exist a (strictly) Riemannian metric h and an almost product 
structure P on M such that g{X, Y) = h{PX, Y) and h{PX, PY) = h{X, Y) 
for all vectorfields X and Y on M. Therefore one gets the relations (5.5). 
The almost-product structure P is non-trivial since if P = ±1 then g = it/i; 
but in fact the metric g is pseudo-Riemannian while h is strictly Rieman- 
nian. (Q.E.D.) 



It follows from the proposition above that any manifold with a strictly 
pseudo-Riemannian Einstein metric serves as an example of a pseudo-Rieman- 
nian almost-product Einsteinian manifold. 

It should also be noted that construction of P for a given pseudo- 
Riemannian metric g is not a canonical one (and, in fact, depends on a 
choice of some "background" Riemannian metric on M). Therefore, a single 
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(possibly Einstein) pseudo-Riemannian metric leads, in principle, to several 
almost-product (Einsteinian) manifolds. It makes a striking difference be- 
tween the solutions of om' variational problem corresponding to the positive 
roots of the fundamental equation (2.5) and those corresponding to the neg- 
ative roots. In the second case, as we shall see in the next Section, there 
are further topological obstructions for the existence of an almost-complex 
structure. 

Let M be a pseudo-Kahler manifold, i.e. (locally) in adapted coordinate 
systems {x°',y°^) the metric g splits a.s g = gi® g2, where gab = gi{x) and 
ga/3 = g2{y)- If both metrics in (5.3) are Einstein 

Rab{gi) = IQah, Raf3{92) = IQaf) (5-6) 

for the same constant 7, then it follows: 

Rab{9) = igAB (5.7) 

Therefore, one has 



Proposition 5.2. A pseudo-Kdhlerian manifold is Einstein iff in any 



adapted coordinates 
7- 



Proof: See [58, 59] 



,2/") both metrics are Einstein for the same constant 

(Q.E.D.) 



Interesting examples of locally product (pseudo-) Riemannian manifolds 
which are not locally decomposable are given by warped product spacetimes 
[45, 18, 12[. Given two (pseudo-) Riemannian manifolds {Mi,gi), i = 1,2, 
and a smooth function 6 : Mi — > M, on the product manifold M = Mi x M2 
put the metric g = gi®e^^g2- The resulting (pseudo-) Riemannian manifold 
M = Ml X 0M2 is called a warped product manifold. It is of course an almost- 
product (pseudo-) Riemannian manifold and it is conformal to a locally 
decomposable one. It is an interesting and intriguing fact that many exact 
solutions of Einstein equations (including e.g. Schwarzschild, Robertson- 
Walker, Reissner- Nordstrom, de Sitter etc..) and also p-brane solutions ([^) 
are, in fact, warped product spacetimes [|l2|. Therefore, these exact solutions 
provide beautiful examples of almost-product Einsteinian manifolds. 

There are topological restrictions on a (paracompact) manifold M for 
the existence of an almost-product structure of rank /c, which are the same 
as for the existence of a (strictly) pseudo-Riemannian metric of signature 
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{k, n — k), which are again the same as for the existence of a fe-dimensional 
distribution. For example, for the existence of a metric with Lorentz signa- 
ture on a compact manifold M (i.e. for the existence of a nowhere vanishing 
vectorfield) the necessary and sufficient condition is that the Euler charac- 
teristic number vanishes. 

6 Anti-Kahlerian Manifolds 

Now we consider in some detail the case of a iC-metric with e = — 1, cr = 
— 1, which we call an anti-Kahlerian metric. 

Definition 3. A triple (M, g, J), where J is an almost-complex structure 

and the metric g is anti-Hermitian: g{JX,JY) = —g{X,Y),X,Y G x{^) 
is called an anti-Kahlerian manifold if V J = 0, where V is the Levi-Civita 
connection. 

We will prove that a real anti-Hermitian metric on a complex manifold 

satisfies the Kahler condition V J = on the same manifold treated as a real 
manifold if and only if the metric is the real part of a holomorphic metric 
on this manifold. 

Let (M, J) be a 2m-dimensional almost-complex real manifold and let 

g be an anti-Hermitian metric on M. We extend J, g and the Levi-Civita 
connection V by (T-linearity to the complcxification of the tangent bundle 
TcM = Tm 0(r. We use the same notation for the complex extended g, J 
and V. Then the Levi-Civita connection is the mapping {X,Y) VxY 
where X and Y are now complex vectorfields (i.e., sections of TcM). Then 
the (complex extended) torsion tensor T vanishes 

T{X, Y) = VxY - VyX - [X, y] = 

and the ordinary formulae are valid for the connection: 

Vxg{Y, Z) = Xg{Y, Z) - g{VxY, Z) - g{Y, V xZ) = (6.1) 

and for the Riemann tensor 

R{X, Y)Z = [Vx, Vy]Z - V[x,y]^ (6.2) 

where X, Y, Z arc complex vectorfields. For the sake of clarity, we stress 
that for the moment we are just complexifying the tangent bundle but we 
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do not assume the almost-complex structure J is integrable. Let us now fix 
a (real) basis {Xi, JXi, JX^} in each tangent space T^M; then 
the set {Za,Za}, where Za = Xa — iJXa, Za = Xa + iJXa, forms a basis 
for each complexified tangent space T^Mi^W. Unless otherwise stated, little 
Latin indices a, b, c, ... run from 1 to m, while Latin capitals A, B, C, ... run 
through 1, m, 1, m; for riotational convenience we shall also bar capital 
indices and we shall assume A = A. One has JZa = iZa and JZa = —iZ^. 
We set gAB = 9{Za,Zb) = Qba- Then the following holds: 

Proposition 6.1. Let {M,J) be an almost- complex manifold and g be 
an anti-Hermitian metric on it. Then the complex extended metric g (in the 
complex basis constructed above) satisfies the following conditions 

9ab = 9ha = ^ (6-3) 
9ab = 9AB (6.4) 

Proof. Since the metric g is anti-Hermitian, we have 

g{Za, Zi) = -g{JZa, JZi) = -g{iZa, -iZ^) = -g{Za, Z^) 

Therefore g^^^ = 0, which proves (6.3). The proof of (6.4) is well known. In 
fact we have 

9db = 9iZa, Zi) = g{Xa + iJXa, Xb + iJXb) 
= g{Xa, Xb) - g{JXa, JXb) + ig{JXa, X^) + ig{Xa, JX^) 

and 

gab = 9{Xa -iJXa,Xi,- iJX^) 

= g{Xa, Xb) - g{JXa, JXb) - ig{JXa, X,,) - ig{Xa, JX^) 

Therefore we get g^i = gab- Similarly we consider the other components of 
gAB and hence we prove (6.4). (Q.E.D.) 

It is customary to write a metric satisfying (6.3) and (6.4) as 

ds'^ = gabdz^dz^ + g^idz^dz^ (6.5) 
We define now the complex Christoffel symbols as 

Vz^Zb = V%Zc (6.6) 
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It is known ^ that if VJ = then the torsion T and the Nijenhuis 
tensor N satisfy the identity 

T{JX,JY) = ]^N{X,Y) (6.7) 

for any vectorfields X and Y . Since the complex extended Levi-Civita con- 
nection V has no torsion, the complex Christoffel symbols are symmetric. 
In this case the complex structure J is integrable so that the real manifold 
M inherits the structure of a complex manifold. Let us now recall (see e.g. 
[^7| ) that there is a one-to-one correspondence between complex manifolds 
and real manifolds with an integrable complex structure. This means that 
there exist real, adapted (local) coordinates (x^, ...,x"^,y^, ...,y™) such that 

d d d d 
J(——) = —— J(—) = — 

Setting = + iy" and taking Xa = d/dx"" one gets 

Za = Xa- iJXa = 23 /Sz'' = 2da, = X^ + iJX^ = 28 /Oz'' = 2d-a 

where Oa = d/dz^ and = z". It appears that z'^'s form a complex 
(analytic) coordinate chart on M. Now from (6.1) one gets 

^AB = ^a^^i^AgoB + ZsgoA - Zdqab) = g^^iOAgoB + dsgDA - dngAB) 

(6.8) 

Notice that the relation (6.1) is valid for the complex extended metric g 
and complex vector fields X, Y, Z if and only if it is valid for real vectorfields. 



Theorem 6.2. Let M be a m-dimensional complex manifold, thought as 
a real 2m- dimensional manifold with a complex structure J. Let us further 
assume that M is provided with an anti-Hermitian metric g. We extend J, g 
and the Levi-Civita connection V by (P -linearity to the complexified tangent 
bundle TcM. Then the following conditions are equivalent: 

(i) 

Vx{JY) = JVxY (6.9) 

where X and Y are arbitrary real vectorfields; 
(ii) the (complex) Christoffel symbols satisfy 

r% = except for Tl, and Tlr = fl^ (6.10) 
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(Hi) there exists a local complex coordinate system (z^, z™) on M such 
that the components of the complex extended metric gab in the canonical form 
(6.5) are holomorphic functions 

dcgab = (6.11) 



Proof. From (6.6) we have 



^ AB - ^ AB 



The connection satisfies the conditions 

VzsiJZc) = JVzsZ-c = -i^zAZc) 

if and only if 

rL- = rL = o (6.12) 

This proves the equivalence between (i) and (ii\ Then for the Christoffel 
symbols (6.8) by taking (6.3) into account one gets 

r^, = {db9Dc + 9g5D6 - Qdqd-^ = g'^'dmd (6. 13) 

and from (6.12) it follows that 

d-cQbd = (6.14) 

The other relations (6.12) also are reduced to (6.14) or its complex con- 
jugated. Therefore the relation (6.14) is equivalent to (6.11). This proves 
the equivalence between (i) and {Hi). Our claim is thence proved. (Q.E.D.) 



We have proved that a real anti-Hermitian metric on a complex manifold 
satisfies the Kahler condition VJ = on the same manifold treated as 
a real manifold if and only if the metric is the real part of a holomorphic 
metric on this manifold. Therefore, there exists a one-to-one correspondence 
between anti-Kahler manifolds and complex Riemannian manifolds with a 
holomorphic metric as they were defined in |^] (see also p6|). 

From an algebraic viewpoint, let us mention that we have been dealing 
with the following construction. Let F be a real vector space with a complex 
structure J and let G be a complex-valued bilinear form on V . Let us set 

F{X, Y) = G{X, Y) - G{JX, JY) - iG{X, .JY) - iG{JX, Y) 
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Then we have 

F{JX,JY) = -F{X,Y) 

Now one takes the real (or imaginary) part of F to get a real anti-Hermitian 
bilinear form on V. 

7 Anti Kahlerian Einstein manifolds 

In this section we consider the problems of the global existence and 
classification of anti-Hermitian Einstein manifolds. Recall that an anti- 
Hermitian Einstein manifold is a triple (M, g, J) where 5 is a metric and 
J is a (1, 1) tensor field which satisfy 

Ricig) = 75 (7.1) 

J^ = -I, g{JX,JY) = -g{X,Y), X,Y e x{M) (7.2) 

Then the metric g has necessarily the signature (m, m) (see section 3), being 
2m = dimM. Let us show that by taking the real part of a holomorphic 
Einstein metric on a complex manifold of complex dimension m one can get 
a real Einstein manifold of real dimension 2m. 
From (4.8) we have for the Ricci tensor 

Ric{g){JX, JY) = -Ric{g){X, Y) X,Y e x(M) 

Therefore, analogously to (6.3), we have 

Kb = (7.3) 

We shall not attempt here to consider solutions of Einstein equations for 
a generic metric of the form (6.5) but consider only the case when gab is a 
holomorphic function 

dc9ab = (7.4) 
From (7.4) and (4.7) we get for the Riemann tensor: 

Rabc = except for and i?f^_ = (7.5) 

The (complex) Einstein equations 

Rab{9) = IQAB (7.6) 
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are thence equivalent to a pair of equations 

Rabigcd) = 19ab (7.7a) 

Rabid cd) = 19ab (7-76) 

To get a real solution of Einstein equations (7.1) from (7.7) one uses real 
coordinates {x^), = 1, 2m on M, i.e. z*^ = x'^ + zrc™"'"", a = 1, m and 
writes the metric (6.5) as 

ds^ = gabdz'^dz^ + g^-^dz^dz'' = g^^dxf'dx" (7.8) 

where y^jy is a real metric. We have thence proved the following theorem: 

Theorem 7.1. If{M,g, J) is an anti-Kdhlerian manifold, i.e. a complex 
manifold of complex dimension m with a holomorphic metric gab{z),a,b = 
and a real metric g^i,{x), ^jl^u = l,...,2m defined by (7.8), then the 
holomorphic metric gab{z) satisfies (7.7a) if and only if the real metric g^u{x) 
is a solution of the Einstein equations (7.1) 

R/i^ig) = igtiv (7.9) 



As an example one can take a complex analytic continuation of any real 
analytic solution of Einstein equations. A simple example is 

ds"^ = dz'^-dz" + ^ ^ + complex conj. = g^^dx^'dx'' (7.10) 

This metric g^^ on "the complex sphere": wl + ... + tf^+i = 1 (which can 
be interpreted as a quadric C,1 + ... + Cm+i ~ Cm+2 = in WP'^^^ if one takes 
Wi = Ci/Cm+2,) gives a solution of the Einstein equations (7.8) and provides 
an example of an anti-Hermitian Einstein manifold {M,g, J). 

In particular for m = 2 we get a real solution of Einstein equations on 
the 4-dimensional real manifold {wi + W2 + w'^ = l,Wi £ (T) with a metric 
of signature (+ H ). 

Notice also that any Einstein metric on a compact Riemannian mani- 
fold M" leads to an anti-Kahlerian Einstein metric on another real manifold 
It follows from the known fact |1C] that any Einstein metric is an- 



alytic in a certain atlas on M". Therefore there exists a complex analytic 
continuation of the metric to a complex manifold of complex dimension n 
which is a real anti-Kahlerian manifold A^^". 
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Appendix 

Proof of Theorem 3.1: The proof b) =^ a) follows obviously from the fact 
that each two diagonal matrices with ±1 on their diagonals do satisfy our 
equation, which is invariant under the appropriate transformation. 
The converse a) =^ h) is less obvious. As we already know there exists a real 
non-degenerate matrix M such 



where g = M^gM and h = M*hM. Since g, h and Dfe are symmetric 
matrices one has thence 



h-'^g = MDkM 



-1 



(Al) 



From this one gets 



g = hDk 



hDk = Dkh 
Let us now represent h in block-form: 



{A.2) 




where h^-^ = fiu, = ^22 and h\i is a A; x A; matrix. Then from (A.2) we 
obtain 




Therefore h\2 = and one gets 




g = Dkh 



{ 



hn 

-h22 



] 



{A.3) 
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Now we make use of the fact that any real nondegenerate symmetric matrix 
is *-congruent to a diagonal matrix whose diagonal elements are equal to +1 
or —1, i.e.: hn = S'^Z'/j^^S'i (and analogously /122 = 820^,^^32), where 
(resp. Dfi22) is a diagonal matrix with ±1 along the diagonal. Therefore one 
has 

where 5 = ^ ) Notice that S commutes with D^, i.e. SD^ = D^S. 

Taking then R = SM the theorem is proved. (Q.E.D.) 



Proof of Theorem, 3.2: To prove h) =^ a) check that Kf^^Kg = Jq and 
then make use of the appropriate transformation properties. 

In order to prove the converse a) =^ 6) , in full analogy with the previous 
case one makes use of the fact that h^^g = MJ^M^^. Now this leads to the 
condition (with the same notation) : 

hJ^ = -jji {A A) 

Writing then h in block-form: 



one has from (A.4): 



( -h a \ _( d \ 

\-d ) ~\-a -b J 

Therefore a = —d, b = and we have 

h^i^l _''^) (A5a) 

J = = /; = / ° j (AM) 

Let us further show that there exists a real matrix S such that 



SJo = JoS [A.&j 
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h = S^KhS {A.7a) 
g = S^KgS {A.7b) 
To be sure that (A. 6) holds take the matrix S in the form 



S 



s u 
-u s 



where s and u are real mxm matrices to be determined from the conditions 
(A. 7a) and (A. 7b). Equation (A. 7a) reads as 



s*s — s*ti + n*s \ fab 
u^s + s*u u*u — s*s I \ b —a 



{A.Sa) 



while the equation (A. 7b) gives 



— n*s — s^u s^s — u^u \ _ ( —b a 
s*s — n*n s*ti + n*s / \ a b 



(AM) 



Notice that eq. (A. 8a) is equivalent to (A. 8b) so that we are left with the 
following conditions 

s*s — n*n = a, s^u + m*s = b 
This last equation can be rewritten in the complex form 

[s + iuf{s + iu) = a + ib 



Now it is known (see for example [^5[) that any nondegenerate symmetric 
complex matrix a + ib can be represented in the form 

a + ib = N^N 

where A'^ is a (nondegenerate) complex matrix. Taking s + iu = N and 
R = SM~^ the theorem is proved. (Q.E.D.) 
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